Abstract: Solution of Schrödinger map heat flow equation with applied field in 2-dimensional H 2 space is obtained. Two different methods are used to construct the norm −1 exact solution. The solution admit a finite time singularity or a global smooth property.
Introduction
In this paper, a class of generalized ferromagnetic material equation will be studied. We concentrate on the evolution of the vary solution of this equation. Ferromagnetic material equation which we usually refer to Landau-Lifhsitz equation (abbreviated LLE) is the kernel equation of the ferromagnetic materials. Combining the predecessors' research results, L.D. Landau and E.M. Lifshitz propose the dispersion equations of the magnetization in 1935. Dynamics of Magnetic domain wall described by LLE exhibits very important applications in materials science. It is the fundamental equation describing the evolution of the density of magnetic ferromagnetic material. In fact, LLE exhibits the different properties in various target manifold. In this paper, we explore the evolution of LLE on the target manifold H 2 . Because complete LLE with the variety of external field is too complex, this study concentrates only on the anisotropic hyperbolic LLE without Gilbert damping term:
where S = (s 1 , s 2 , s 3 ) is spin vector.∧ denotes the pseudo cross product.
More clearly, we all call (1) the anisotropic hyperbolic Schrödinger map heat flow. Schödinger map heat flow (SMF for short) is an important equation of differential geometry and physics. Usually, SMF can be regards as a foundation form of LLE. Hence, the study of the evolution of SMF is helpful for understanding the property of the ferromagnetic materials. In fact, if we define the mapping S : R 3 × R → (M, h, J) where h and J are the metric and the complex structure on Kähler manifold respectively, SMF with the application field is defined as follows
where D denotes the covariant derivative of S −1 T M . In (2), if we use H 2 and∧ represent the manifold and complex structure, (2) and (1) are equal to each other. Otherwise, if M = S 2 and J(S) = SΛ, (2) is anisotropic Landau-Lifshitz equation. In this situation, (2) becomes
In recent 20 years, the evolution of various solutions (singularity and smooth) of SME and LLE have attracted a considerable amount of attention (see [1, 2, 3, 4, 5, 6, 9, 10, 11] ). Especially, the authors propose the exact solutions of (3) and construct the exact transformation matrix between isotropic and anisotropic LLE in [7, 8] . But it is worth to pointing out: compared to the equation of the S 2 type, the research of (2) is still in its beginning time. Under the conditions of hyperbolic manifolds, the evolution of (2) is not clear. Can the solution forms a singularities in finite time, or the solution is global? Furthermore, can the energy of the solution be finite? It is worth to study these questions. In this paper, we study these question through some examples.
Finite Time Singularity Solution I
By stereographic projection, the projection is from H 2 to the extend complex plane C ∞ . Accordingly, (1) can be transformed into a derivative Schrödinger equation. Specifically , using the following conversion
(1) change into the following nonlinear Schödinger equation:
whereŪ stands for the conjugate complex numbers of U . Right hand side of (5) contains a first derivative term. In the same time, the coefficient of if is nonlinear. Hence, (5) (or (1)) is hard to resolve due to these two characteristics. In fact, the solution of (5) is easy to obtained only in space dimension n = 1. In this situation, (5) is essentially equivalent to a nonlinear Schrödinger equation without derivative term. If n ≥ 2, (5) is not a completely integrable system. It will be difficult to find out the traveling wave solution or non-traveling wave solution of (5) . In this paper, we only study the solution of (5) in cylindrical coordinates. In this case, (5) can be transformed into
In fact, (5) and (1) can be transformed between each other. If selected
(5) can be transformed into a (1). So, we can resolve (6) to obtain the solution of (1). We selected the solution as the following special form
where r = ( n j=1 x 2 j ) 1/2 ; f (t), h(t) and g(t) function is to be determined; a is some special constant. Substituting (8) into (6) , then separating the real part and imaginary part, we get
It is difficult to solve (9) and (10). However, if a = n = 2, we obtain the following differential equations
Solving (11), the exact solution of it is as follows
where C 1 , C 2 and C 3 are constants. According to (8) and (12), it will not difficult to find out the solution of (6)
where C 1 , C 2 and C 3 are the same constants in (12). By (13), it is not difficult to find out C 1 = 0 and C 2 = C 3 = 2 derive the solution as the following form
In this situation, we can use (7) to obtain the solution of (1) as follows
). (15)
Finite Time Singularity Solution II
In this section, we construct the solution from another point of view. Considering the equation under the two-dimensional cylindrical coordinates, (1) adopts the following form
In the two-dimensional space, we assume that the solution of (16) is as the following form
where M (t, r) and F (t) are the functions to be determined. By (17), (16) is simplified into the differential equations of M (t, r)and F (t)
Furthermore, we set M (t, r) = G(t)P (r) + Q(t). By (18), we obtain the following equations
Setting P (r) = 1 4 r 2 , (19) can be simplified as
Resolving (20), we find out that
Combining (21) and (17), (16) ensures the following solution
where C 1 , C 2 and C 3 are constants.
There are only subtle differences between (23) and (15). In fact, if we take P (r) = − 1 4 r 2 ,, similar to the above deducing procession, we get
According to (24), A solution similar to (22) can be found out.
Conclusions
Obviously, solution (23) (or (15)) forms a singularity in t = 0. In fact, (22) covers the different types solutions. This solution can be a global solution(or a local solution) about time variables. If the constants are selected appropriately, the norm of gradient can form a singularity in finite time. Of course, the norm will not become infinity if we choose some special constants. Exactly, we obtain
(23) is a function that has nothing to do with λ; Obviously, if − 23) is a global solution. Exactly, if we set C 1 = 1 and C 2 = −2, the exact form of the solution is
cos sign(t−2)(4 λ t 2 −16 λ t−r 2 +12 λ)
sin sign(t−2)(4 λ t 2 −16 λ t−r 2 +12 λ)
(26) will form the singularity at t = 1 and t = 3. However, we just need to adjust the coefficient C 1 = 1 and C 2 = −2 to obtain a global smooth solution
cos sign(t+2)(4 λ t 2 +16 λ t−r 2 +12 λ)
, s 2 (t, r) = 1 √ t 2 +4 t+3 sin sign(t+2)(4 λ t 2 +16 λ t−r 2 +12 λ)
In fact, we can see that (27) is a global smooth solutions of (1) while (26) is a singularity one. It will be clear that given smooth initial data as in SME does a smooth initial data can develop two different behavior. Furthermore, the energy of the solution in section 3 can be a finite value on the finite spacial domain in its initial time. In [7, 8] , although the solution is similar to (26) (or (27)), the solution of LLE is only a smooth one on S 2 . In another words, H 2 will lead to a singularity while the S 2 will not. In fact, the manifold affects the nature of the nonlinear term of the equation. Hence, the geometry of the target manifold plays an important role in the equation.
